Formulating SAL Cswith Projection Operators

The mathematical form of a SALC for a particulamsyetry species
cannot always be deduced by inspection (e,gande,, pi-MOs of
benzene).

A projection operatoiis a function that acts on one wave function of
the basis set of functions that comprise the SAE3s., one of the

Six p, orbitals on the carbon atoms in the ring of ber}zén “project
out” the SALC function.

A projection operator for each symmetry speciestrnaspplied to
the reference function to generate all the symmratoyved SALCs.

The projection operator for a given symmetry specntains terms
for each and every operation of the group (notgash class of
operations).



Full-M atrix vs. Character Form of the Projection Operator

v/ The full form of the projection operator functicor fdegenerate
species, which often directly generates the satlALCs
belonging to a degenerate symmetry species, requse of the full
operator matrix for each and every operation ofitteglucible
representation; i.e., the full-matrix form of thmesducible
representation.

v/ Because there are no generally available tabuabbthe full-matrix
forms of the irreducible representations for growgik degenerate
species, a simpler form of the projection oper#tat uses only the
characters for each operation is most often used.

® The character form of the projection operator fegeherate species
generates only one of the degenerate SALCs, reguather means
to deduce the companion functions.

iz We will only use the character form of the projentoperator
function.
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The Projection Operator in Characters

The projection operator in character foiy),acting on a reference
function of the basis sep,, generates the SALG, for theith
allowed symmetry species as

di R
S < Po, = FXR:XI Rj(pt

in which

d, = dimension of theth irreducible representation,

h = order of the group,

v\ = each operation's character in itieirreducible representation,
R = the operator for thgh operation of the group.

The termR ¢, gives one of the several basis functions of thefe
functions forming the SALCs, in a positive or negatsense.

The summation is taken ovalt operationsof the group, not all
classes of operations.

The resultd,p, are not the final SALCs; they need “cleaning up”.



Requirementsfor a Wave Function
1. The function must be normalized.
N*[P¥*dr = 1,
whereN is the normalization constant.

iz \We can routinely ignore the factdr/h in the projection
operator expression.

2. All wave functions must be orthogonal.



M athematical Simplification
When Taking Products of LCAOs

v/ The P,p, products have the general form

(ap; £a,10541 ... i<5‘n(0n)(bj(0j T bj+1(0j+1 .. H0.0.)

v/ But in general
| pigpide = 6

Thus, allp,e; (i = |) terms vanish, and allg; or ¢;p, terms ( =]) are
unity.

1= |gnore the cross terms when normalizing or tedimng
orthogonality!



Theo-SALCsof M X, (0,)

Example: Generate the SALCs for sigma-bondingxoligands to a
central atom in an octahedral MEomplex.

v/ From the transformation of six octahedrally arrahgectors pointing
toward a central atom, the reducible representdtiothe six SALCs
can be generated and reduced as follows:




Minimizing the Work
v O, has 48 operations, so each projection operatbhewse 48 terms.

v The rotational subgroup has half as many operatiors< 24) but
still preserves the essential symmetry.

iz Carry out the work i© and correlate the results @.

v InO, I, =A, + E+T,, which has obvious correlationstp= A, + E,
+ T, In O,



L abeling the Symmetry Elements

d

v 8C,in O refers to €, and 4, whose axes run along the cube
diagonals.
iz Label these by the corners through which they pags;aa,
bb, cc, dd.
v 3C,, 3C,, and &, have axes that run througlansrelated pairs of
ligands.
iz Label these by the pairs of ligands through whidytpass;
e.g.,12, 34, 56.
v 6C,' have axes that pass through the mid-points of sipoube edges.
iz | abel these by the two-letter designation of thigecedges
through which they pass; e.gg, bd, ab, cd, ad, bc.
v’ C; rotations are clockwise, viewed from the upperecatrner through
which the axis passes.
v’ C, rotations are clockwise, viewed from the lower-fanmed ligand.



The Effect of the Operations of O on a Reference Function o,

OlE GG C, C C, C? C? C? C#2 ¢C, C, G,
label aa bb cc dd aa Dbb cc dd 12 34 56

Roy|o; o5 ©3 05 06, ©3 O3 O, O5 O G, Oy
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Projection Operator for the A; Speciesin O (A, in O,)

OlE G C, C, C; C7 C? C, C, G,
label aa bb cc dd aa dd 12 34 56
Roy|oy 65 03 05 0, O3 6 O©, O, O,
Al 1 1 1 1 1 1 1 1 1

%Ro, |6, 05 03 05 0, Oy 6s O, O, O,
C, C, C, C2 cg ¢cg c, C;) C) C;
12 34 56 12 34 56 ab cd ad Bbc
6, O; O, O, Og O 63 O, Os Og
1 1 1 1 1 1 1 1 1 1
6, O3 O, O, Og O 63 O, Os Og

Summing all the;"Ro, terms gives

P(A;)o; = 4o, + 4o, + 403 + 4o, + 4os + 4o,

« 04 +t+0,+053+06,+065+ G




SALC for Ay
Normalizing:
N*[(c, + 6, + 65 + 0, + 05 + 05)°dr
=N?[(0,° + 0,° + 6,° + 6,° + 65" + 6¢)dr
=N’(1+1+1+1+1+1)=M*=1
- N=1N6
Therefore, the normalized, SALC is

Zi(Ay) = 1N 6(c; + 0, + 03 + G, + G5 + G)



Projection Operator for the First of Two E SALCs(E,in O,)
v InO, v, =0 for 8C, and &,'. Therefore, ignore the last 12 terms.

O| E CC C, C, C C? C?2 C?2 Cc?® ¢C C G
label aa bb c¢cc dd aa bb c¢cc dd 12 34 56

XiRFiﬁl 26, -0 -03 -04 -0, -63 -0q -G, -Os 20, 20, 20,

Summing across @URRCM gives
P(E)o, = 4o, + 4o, — 25, — 25, — 205 — o4
< 261 + 262_03_04_05_66
Normalizing:
N ZJ‘ (261 + 202 - 03 - 04 - 05 - 66)2dT
= N?[(4o,* + 4o,” + 64" + 6,° + 65 + 05°)Cht
=N44+4+1+1+1+1)=1=1
= N=1AN12 =1/(2/3)

After normalization:

>,(E) = 1/(2/3)(26, + 26, — 65 — 6, — G5 — G)



Test of Orthogonality with X;(A,)
[ZAAN[Z(E)]dr =
[(6, + 0, + 65+ 6, + 05 + G5)(20, + 26, —6; — 0, — 05 — Gg)dr
=2+2-1-1-1-1=0
iz But X,(E) is only the first of two degenerate functions.

® How do we find the partner?



Finding the Partner to X£,(E) - Method |

Method |: Apply theE Projection operator to another reference function,
herecs,.

O| E C C C C, C?2 C? C? C? G C, C,
label aa bb cc dd aa bb cc dd 12 34 56

% Ros | 20, -0, -6 -0, -65 -O5 -6, <05 -0, 20, 203 20,

This gives
P(E)o; < =26, — 26, + 405 + 40, — 205 — 204
e _61_02 + 203 + 264_65_66

Orthogonal taz,(A)?
[(01+ 0, + 03+ 0, +05+66)( —0, —0, + 205 + 26, — 65 — Gg)dr
=-1-1+2+2-1-1=0
=Yes

Orthogonal ta,(E)?
[(26, + 26, — 03— 0, — 05 — 6¢)(—0; — 0, + 265 + 25, — G5 —Gg)dr
=-2-2-2-2+1+1=-60
=No!

® What went wrong?



Noteson Method | for Finding a Degener ate Partner

iz Changing the reference function after finding ting imember of a
degenerate set implicitly changes the axis orieratThe resulting
function will be one of the following:

A legitimate partner wave function in either itzsgive or negative
form. [Not this time!]

The negative of the first member of the degenesate [Not a
useful result, and not what happened this time.]

A linear combination of the first member with gartner(s). If this
IS the case, try various combinations of the twajgmted functions
to find a function that is orthogonal. [Looks lik@s must be what
we got!]



Finding the Partner to X£,(E) - Method |
By trial and error with various combinations wedftihat this works:
P(E)Gl = 251 + 2(52 - 03 - 04 - 05 - 66

2P(E)G3: _201 - 252 + 403 + 404 _255 _%6

P; +3b, — I — I
« 03 + 04, — 05— Cg

This result is orthogonal ©,(E),

[(26, + 26, —03—0, — 05 —6¢)(0;3 + 6, — 65 — G)dr

=0+0-1-1+1+1=0

and also t&,(A,),

[(o, + 0, + 05+ 0, + 05 + 65)(05 + 6, — G5 —Gg)dr

=0+0+1+1-1-1=0

The normalized partner wave function, then, is

25(E) = ¥2(05 + 64, — 65 — o)



Finding the Partner to X£,(E) - Method ||
Method Il: Apply an operation of the group to firet function found.
Principle: The effect of any group operation on a&finction of a
degenerate set is to transform the function inéoptbsitive or
negative of itself, a partner, or a linear comhorabf itself
and its partner or partners.

i Suppose we perfori@;(aa) on our first degenerate function.

v/ Effect ofC;(aa) on the functions of the basis set:

Before |6, |06,| 05| 04| 05| Og

After |og|os|0,|0,|035|0,

v Effect of C;(aa) onX,(E):

(26, + 20, —6;—0,—065—06;) - (205 + 204—6,—06,—03—G,)
= (-0, —06,—03—0, + 205 + 20;)

Is this new function orthogonal ¥(E)?

[(26, + 26, — 03— 0, — 05 — 65)(—0; — 0, — 63 — 6, + 205 + 254)dr

=2-2-1-1-2-2=-310
=No!



Finding the Partner to X£,(E) - Method ||

The new function must be a combinatiorzgfe) and the partner
function.

By trial-and-error:
_22 —2(51— 202 + 03 + 04 +65 +G6

_2{22 X R[C3(aa)]} +2 Gl + 202 + 203 + 204 - 405 - 406

+33+ %4_&55_&56
& 03 + 04_05 _06
This is the same result as found by Method I:

23(E) = ¥2(05 + 04, — 65 — o)



Projection Operator for theFirst of ThreeT,, SALCs

Note: InT, of the groupO, for 8C; y = 0; therefore, skip the first eight
terms in the operator expression.

O| E G C C C, C? C? C? C? C, C G
label aa bb cc dd aa bb cc dd 12 34 56

Roi,| o 0s O3 Og o, O3 Og o, O o, o, o,

T, 3 0 0 0 0 0 0 0 0 -1 -1 -1

Summing across thg'Ro;:
P(T)o, < 40, — 4o, <0, —0,

We can readily show that this is orthogonal toghevious three functions
for A andE, and on normalization we obtain the SALC

2(Ty) = 1N2 (01 —0))



Finding the Partner T,, SALCs

The partner functions become apparent from consigi¢ine form of
2,(Ty).

iz The other two functions must have the same formgatbe other two
orthogonal axes:

2g(Ty) = 1N2 (03—04)

2g(Ty) = 1N2 (05 —0g)

v Alternately, note the effects @f(aa) andC,?(aa) on (o; —,):
RICs(aa)] x (0, —0,) = (05 —05 ) = Zg(TH)

R[C;*(ad)] x (0, —0,) = (05— 064 ) = Zs(Ty)



Summary: The Six 6-SALCsof M X, (0,)
Zi(Ay) = 1N 6(c; + 0, + 03 + G, + G5 + G)

2,(Ey) = 1/(2/'3)(20, + 26, — 63 — 6, — G5 — G¢)
24(Ey) = ¥2(05 + 0, — 05 — 0p)

24(Tlg) = 1N2 (01, —05)
ES(Tlg) = 1N2 (03—0,)
26(Tlg) = 1N2 (05 — 06 )



Theo-SALCsof CH, (Ty)

z

v TheA, SALC is obvious, so only use the projection opmrédr the
T, SALCs.

v/ The groupl, hash = 24, but its rotational subgrodphash = 12.
Therefore, do the work i, where thel species correspondsTg of
T,

v/ For the irreducible representatidnthe only non-zero characters are
E, C,(X), C,(y), C,(2), so thel operator has only four non-vanishing
terms:

TIE ... G(X) Gly) Cz)
RS\[Sa - & So Sg
T3 .. -1 -1 -1

HRS|38% . & - S




Theo-SALCsof CH, (Ty)
P(T)Sa <3S~~~ S

v This function is orthogonal to th e SALC, ®, = Y2(5, + S5+ Sc +
S,), and could be normalized to give the function

O(T) = 1/(2/3)(3sy - S - S - )

®  This SALC is supposed to match with one of theA®s on carbon.
®(T) makes no sense geometrically for such overlap!

© P(T)s, must be a combination of all three functions:
P(TIS\ < Sa+Ss—%— 9
P(T)Ss s — 8-S+ S

P(T)Sy xS\ — S +Sc— %

P(T)Sa < 38— — & — %
v/ After normalization, the threg, SALCs of MX, (T,) are:
D, = Y2{S) + S — S — S}
Dy = Y218 =S — S + S}

O, =Sy — S5 + S — S}



